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Abstract
We present a family of spherically symmetric Lorentzian wormholes in quadratic F (R) grav-
ity, with a thin shell of matter corresponding to the throat. At each side of the shell the geometry
has a different constant value of the curvature scalar R. The junction conditions determine the
equation of state between the pressure and energy density at the throat, where a double layer is
also located. We analyze the stability of the configurations under perturbations preserving the
spherical symmetry. In particular, we study thin–shell wormholes with mass and charge. We
find that there exist values of the parameters for which stable static solutions are possible.
PACS number(s): 04.20.Gz, 04.40.Nr, 98.80.Jk
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1 Introduction
Traversable wormholes [1, 2] are spacetimes characterized by the presence of a throat connecting
two regions of the same universe or two different universes. At the throat the geometry opens
up, which is reflected in the so called flare–out condition. In General Relativity, these theoretical
objects require exotic matter (i.e. a fluid that does not satisfies the null energy condition) at
least in the region close to the throat [1–3]. The exotic matter can be reduced to an arbitrary
small amount [4], but at the cost of large pressures at the throat [5]. The junction conditions in
General Relativity [6] are used to join two solutions across a hypersurface in different contexts,
for example the interior and exterior solutions corresponding to stars or galaxies, in the study of
thin layers of matter, in cosmological models, etc. Wormholes can be also constructed [2] by a
cut and paste procedure, with a thin–shell that corresponds to the throat in most cases. This
class of wormholes has received great attention in the literature due to its simplicity and because
the exotic matter can be confined to the shell. The junction formalism can also be adopted to
have a suitable asymptotic behavior or to reduce the need of exotic matter for wormholes with
a continuous stress–energy tensor at the throat. In highly symmetric configurations the stability
analysis of thin shells can be performed quite easily. Many studies of spherically symmetric thin–
shell wormholes, with a linearized equation of state at the throat, have been done by taking radial
perturbations (e.g. [7–10]). Non–linear equations of state at the shell were used to model the
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exotic fluid threading the throat by several authors [11–14]. Cylindrically symmetric thin–shell
wormholes were considered in recent years (e.g. [15]). Thin–shell wormholes were also analyzed
within Brans-Dicke gravity [16], a well known alternative theory to General Relativity.
The standard model of cosmology requires the presence of dark matter and dark energy, in order
to understand the observed features of the Universe, i.e. the galaxy rotation curves, the anisotropy
of the microwave background radiation, and the current accelerated expansion. Another important
issue is the inflationary epoch, which is usually explained by adopting a scalar field. Modifications
of General Relativity were introduced in the literature with the purpose of avoiding the presence
of these non standard fluids. One of them is F (R) gravity [17], in which a function F (R) of the
Ricci scalar R replaces the Einstein–Hilbert Lagrangian in the gravitational action. This theory
can provide a unified picture of both inflation in the early Universe and the accelerated expansion
at later times. It is also of interest the study of compact objects within F (R) gravity; in particular,
static and spherically symmetric black hole solutions [18–20] and traversable wormholes [21, 22]
were investigated in recent years. The junction conditions have been extended to F (R) gravity in
the last decade [23,24]; these conditions are more demanding in non–linear F (R) theories than in
General Relativity, because they always require continuity of the trace of the second fundamental
form at the shell and, except in the case of quadratic F (R), the continuity of the curvature scalar
R. In quadratic F (R), the Ricci scalar can be discontinuous at the matching hypersurface and, as a
consequence, the shell will have, besides the standard energy–momentum tensor, an external energy
flux vector, an external scalar tension (or pressure), and another energy–momentum contribution
resembling classical dipole distributions [25,26], which can be interpreted as a gravitational double
layer. All these contributions are necessary to make the whole energy–momentum tensor divergence
free [25,26]. The junction conditions obtained in quadratic F (R) were extended in the last year to
the most general gravitational theory with a Lagrangian quadratic in the curvature [27].
Thin–shell wormholes in F (R) gravity, symmetric across the throat and with a constant cur-
vature scalar, were recently studied in [28]. Here we consider thin–shell wormholes with spherical
symmetry in quadratic F (R) theory, with constant and different Ricci scalars at each side of the
throat; we analyze the characteristics of the fluid at the shell and we investigate their stability
under radial perturbations. In Sec. 2, we perform the wormhole construction for a large class of
possible geometries. In Sec. 3, we study the stability of the static configurations. In Sec. 4, we
apply the formalism to charged wormholes. Finally, in Sec. 5, we present the conclusions of the
paper. We take units so that G = c = 1, with G the gravitational constant and c the speed of light.
2 Wormhole construction
In this work, we start from two spherically symmetric geometries of the form
ds21,2 = −A1,2(r)dt
2 +A1,2(r)
−1dr2 + r2(dθ2 + sin2 θdϕ2), (1)
where r > 0 is the radial coordinate, 0 ≤ θ ≤ π, and 0 ≤ ϕ < 2π are the angular coordinates.
This class of static spacetimes in F (R) theories includes (in the metric formalism) several well
known exact solutions, among them those with constant curvature scalar R, corresponding to
vacuum [18, 19] and to a Maxwell field in 3+1 dimensions [19] (for other metrics of this form, see
also [20]). For the construction of wormholes, we use the thin–shell formalism in F (R) gravity. We
choose a radius a, larger than the event horizons of both metrics (in case they have them), we cut
from each geometry the region with r ≥ a:
M1,2 = {Xα1,2 = (t, r, θ, ϕ)/r ≥ a}, (2)
2
and paste them at the hypersurface
Σ ≡ Σ1,2 = {X1,2/G(r) = r − a = 0}, (3)
in order to obtain a new geodesically complete manifoldM =M1∪M2. The indexes 1 and 2 used
along the present work correspond, respectively, toM1 andM2. The flare-out condition is satisfied
because the area 4πr2 is minimal when r = a; therefore, the manifold M represents a wormhole
with two regions connected by a throat of radius a. We can define a global radial coordinateM by
using the proper radial distance: ℓ = ±
∫ r
a
√
1/A1,2(r)dr, where the (+) sign corresponds to M
1
and the (−) sign to M2, and the throat is placed in ℓ = 0. We denote the jump across the shell of
any quantity Υ by [Υ] ≡ (Υ1 − Υ2)|Σ, the unit normals to Σ in M by n
1,2
γ , the first fundamental
form by hµν , and the second fundamental form (extrinsic curvature) by Kµν .
In F (R) theories there exists an additional condition [24] besides the continuity of the first
fundamental form across the shell ([hµν ] = 0), which is the continuity of the trace of the second
fundamental form ([Kµµ] = 0). If F ′′′(R) 6= 0 (the prime represents the derivative with respect to
R), the continuity of R across the shell ([R] = 0) is also required as a third condition [24]. However,
in the quadratic theory F (R) = R − 2Λ + αR2, for which F ′′′(R) = 0, it is possible to have the
discontinuity of R at Σ. In our construction, we take two metrics with different values of R at
each side of the throat, therefore [R] 6= 0. The field equations at the shell in the quadratic case
read [24,27]
κSµν = −[Kµν ] + 2α([n
γ∇γR]hµν − [RKµν ]), n
µSµν = 0, (4)
where κ = 8π and Sµν represents the energy-momentum tensor at the shell; along with
κTµ = −2α∇µ[R], n
µTµ = 0, (5)
κT = 2α[R]Kγγ , (6)
and a two-covariant symmetric tensor distribution
κTµν = ∇γ
(
2α[R]hµνn
γδΣ
)
, (7)
where δΣ is the Dirac delta with support on Σ, or equivalently
κ 〈Tµν ,Ψ
µν〉 = −
∫
Σ
2α[R]hµνn
γ∇γΨ
µν , (8)
for any test tensor field Ψµν . In quadratic F (R), besides the standard energy-momentum tensor
Sµν , the shell has an external energy flux vector Tµ, an external scalar pressure/tension T , and
a double layer energy-momentum distribution Tµν . This Dirac “delta prime” type contribution
has a resemblance with classical dipole distributions [24, 27]. The “dipole” distribution Tµν has
a strength κPµν = 2α[R]hµν , which satisfies Pµν = Pνµ and n
µPνµ = 0. All these contributions
are necessary to make the complete energy-momentum tensor divergence free, so that it is locally
conserved [24,27].
We adopt constant curvature scalars, but with different values for each region of M, i.e. R1 6=
R2, so from Eq. (4) we obtain
κSµν = −[Kµν ]− 2α[RKµν ]. (9)
At the surface Σ, we define the coordinates ξi = (τ, θ, ϕ), with τ the proper time on the shell. The
throat radius is a function of the proper time: a(τ). The first fundamental form associated with
the two sides of the shell is given by
h1,2ij = g
1,2
µν
∂Xµ
1,2
∂ξi
∂Xν1,2
∂ξj
∣∣∣∣∣
Σ
, (10)
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and the second fundamental form is calculated from
K1,2ij = −n
1,2
γ
(
∂2Xγ
1,2
∂ξi∂ξj
+ Γγαβ
∂Xα1,2
∂ξi
∂Xβ
1,2
∂ξj
)∣∣∣∣∣
Σ
, (11)
where
n1,2γ = ±


∣∣∣∣∣gαβ1,2 ∂G∂Xα
1,2
∂G
∂Xβ
1,2
∣∣∣∣∣
−1/2
∂G
∂Xγ
1,2


∣∣∣∣∣∣
Σ
. (12)
For the metrics given by Eq. (1), the unit normals (nγnγ = 1) read
n1,2γ = ±
(
−a˙,
√
A1,2(a) + a˙2
A1,2(a)
, 0, 0
)
, (13)
with the dot representing the derivative with respect to τ . We adopt at the shell the orthonormal
basis {eτˆ = eτ , eθˆ = a
−1eθ, eϕˆ = (a sin θ)
−1eϕ}, then we have that the first fundamental form is
h1,2ıˆˆ = diag(−1, 1, 1), and the second fundamental form has non null components
K1,2
θˆθˆ
= K1,2ϕˆϕˆ = ±
1
a
√
A1,2(a) + a˙2, (14)
and
K1,2τˆ τˆ = ∓
(
a¨√
A1,2(a) + a˙2
+
1
2
A′
1,2(a)√
A1,2(a) + a˙2
)
, (15)
where the prime represents the derivative with respect to r. By using Eqs. (14) and (15), the
condition [K ıˆ ıˆ] = 0 adopts the form
2aa¨+ aA′
1
(a) + 4
(
A1(a) + a˙
2
)
√
A1(a) + a˙2
+
2aa¨+ aA′
2
(a) + 4
(
A2(a) + a˙
2
)
√
A2(a) + a˙2
= 0. (16)
In Eq. (9) we replace the surface stress-energy tensor Sıˆˆ = diag(σ, pθˆ, pϕˆ), with σ the surface
energy density and pθˆ, pϕˆ the transverse pressures, and we obtain
σ =
2a¨+A′1(a)
2κ
√
A1(a) + a˙2
(1 + 2αR1) +
2a¨+A′2(a)
2κ
√
A2(a) + a˙2
(1 + 2αR2) , (17)
and
p = −
√
A1(a) + a˙2
κa
(1 + 2αR1)−
√
A2(a) + a˙2
κa
(1 + 2αR2) , (18)
where p = pθˆ = pϕˆ. From Eq. (5) we see that Tµ = 0. The external scalar tension/pressure T is
given by
T =
2α[R]
κ
√
A1(a) + a˙2
(
a¨+
A′1(a)
2
+
2
a
(
A1(a) + a˙
2
))
, (19)
which by using Eq. (16) can be rewritten in the form
T =
2aa¨+ aA′1 + 4
(
A1(a) + a˙
2
)
κa
√
A1(a) + a˙2
αR1 +
2aa¨+ aA′2 + 4
(
A2(a) + a˙
2
)
κa
√
A2(a) + a˙2
αR2. (20)
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It is easy to see from Eqs. (17), (18), and (20) that there is an equation of state that relates σ, p,
and T
σ − 2p = T . (21)
By taking the time derivative of Eq. (21) and using that p˙ = −(a˙/a)(σ+p), we find the generalized
continuity equation
σ˙ +
2a˙
a
(σ + p) = T˙ , (22)
or equivalently
d
dτ
(Aσ) + p
dA
dτ
= A
dT
dτ
, (23)
where A = 4πa2 is the area of the shell. In the left hand side of this equation, the first term can be
interpreted as the change in the total energy of the throat, the second one as the work done by the
internal pressure, while the right hand side represents an external flux. The dual layer distribution
Tµν , obtained from Eq. (8), should satisfy
〈Tµν ,Ψ
µν〉 = −
∫
Σ
Pµν
(
nt∇tΨ
µν + nr∇rΨ
µν
)
, (24)
for any test tensor field Ψµν . The dual layer distribution strength, in the orthonormal basis, has
components
− Pττ = Pθˆθˆ = Pϕˆϕˆ = 2α[R]/κ. (25)
Note that these components only depend on α and [R], so the dependence of Tıˆˆ on the particular
form of the metric is through the unit normal and the covariant derivative.
3 Static configurations: stability
The condition resulting from Eq. (16) for static wormholes is reduced to the form
a0A
′
1
(a0) + 4A1(a0)√
A1(a0)
+
a0A
′
2
(a0) + 4A2(a0)√
A2(a0)
= 0, (26)
where a0 is the radius corresponding to the throat. The surface energy density, the pressure, and
the external tension/pressure in the static case take the form, respectively,
σ0 =
A′
1
(a0)
2κ
√
A1(a0)
(1 + 2αR1) +
A′
2
(a0)
2κ
√
A2(a0)
(1 + 2αR2) , (27)
p0 = −
√
A1(a0)
κa0
(1 + 2αR1)−
√
A2(a0)
κa0
(1 + 2αR2) , (28)
and
T0 =
a0A
′
1
(a0) + 4A1(a0)
κa0
√
A1(a0)
αR1 +
a0A
′
2
(a0) + 4A2(a0)
κa0
√
A2(a0)
αR2. (29)
The equation of state becomes σ0− 2p0 = T0. The static dual layer distribution resulting from Eq.
(24) has to fulfill
〈Tµν ,Ψ
µν〉 = −
∫
Σ
Pµνn
r∇rΨ
µν , (30)
for an arbitrary tensor field Ψµν . The components in the orthonormal frame Pıˆˆ of the distribution
strength are given by Eq. (25).
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For the stability analysis of the static configurations under radial perturbations, we extend the
General Relativity procedure [7] to quadratic F (R) gravity. By using that a¨ = (1/2)d(a˙2)/da and
defining z =
√
A1(a) + a˙2 +
√
A2(a) + a˙2, we can rewrite Eq. (16) into
az′ + 2z = 0. (31)
By integrating Eq. (31) we obtain
√
A1(a) + a˙2 +
√
A2(a) + a˙2 =
a2
0
a2
(√
A1(a0) +
√
A2(a0)
)
, (32)
from which it is possible to express the dynamics of the throat in the form
a˙2 = −V (a), (33)
where
V (a) = −
a40
(√
A1(a0) +
√
A2(a0)
)2
4a4
+
A1(a) +A2(a)
2
−
a4 (A1(a)−A2(a))
2
4a4
0
(√
A1(a0) +
√
A2(a0)
)2 (34)
can be understood as a potential. It is not difficult to verify that V (a0) = 0 and, with the aid of
Eq. (26), that also V ′(a0) = 0, while the second derivative of the potential at a0 takes the form
V ′′(a0) = −
5
(√
A1(a0) +
√
A2(a0)
)2
a2
0
+
A′′1(a0) +A
′′
2(a0)
2
−
3 (A1(a0)−A2(a0))
2
a2
0
(√
A1(a0) +
√
A2(a0)
)2 − 4 (A1(a0)−A2(a0)) (A′1(a0)−A′2(a0))
a0
(√
A1(a0) +
√
A2(a0)
)2
−
(A′1(a0)−A
′
2(a0))
2
2
(√
A1(a0) +
√
A2(a0)
)2 − (A1(a0)−A2(a0)) (A′′1(a0)−A′′2(a0))
2
(√
A1(a0) +
√
A2(a0)
)2 . (35)
The condition for a configuration with radius a0 to be stable under radial perturbations is that
V ′′(a0) > 0.
4 Charged wormholes
As an application of the formalism introduced above, we construct charged wormholes with different
values of the curvature scalar at each side of the throat. The action for quadratic F (R) in the
presence of the electromagnetic field tensor Fµν = ∂µAν − ∂νAµ has the form
S =
1
2κ
∫
d4x
√
|g|(R − 2Λ + αR2 −FµνF
µν), (36)
where g = det(gµν). In the metric formalism, the field equations obtained from the action above,
for an electromagnetic potential Aµ = (V(r), 0, 0, 0) and a constant curvature scalar R admit the
spherically symmetric solution given by Eq. (1), in which the metric function reads [19]
A(r) = 1−
2M
r
+
Q2
(1 + 2αR)r2
−
Rr2
12
, (37)
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whereM is the mass and Q is the charge. In this solution, V(r) = Q/r and the constant value of R
is related to the cosmological constant by R = 4Λ. The metric has some relevant aspects to notice:
the squared charge Q2 is corrected by a factor 1/(1 + 2αR) with respect to the General Relativity
solution; the geometry is singular at r = 0; the position of the horizons, determined by the zeros
of A(r), are given by the positive roots of a fourth degree polynomial. For R > 0, there exist three
horizons for small values of |Q|: the inner one with radius ri, the event one with radius rh, and
the cosmological one with radius rc; when the charge reaches a critical value |Q| = Qc, the inner
and the event horizons fuse into one; when |Q| > Qc there is a naked singularity at the origin and
only the cosmological horizon remains. When R < 0, for small values of |Q| there are two horizons:
the inner one with radius ri and the event one with radius rh; when the charge is |Q| = Qc, both
horizons fuse into one, and if |Q| > Qc there is only a naked singularity.
In our wormhole construction, we take metric functions A1,2 given by Eq. (37), with the same
values of mass M and charge Q but different values of the curvature R1,2 at each side of the throat
(which is equivalent to adopt different cosmological constants Λ1,2). It is important to remind
that we take a radius a of the throat large enough to avoid the presence of the event horizon
and the singularity at any side of the throat, and we also choose it smaller than the cosmological
horizon when present. One expects that the term corresponding to the charge in Eq. (37) has the
same sign as in General Relativity, so it is necessary that the inequality F ′(R) = 1 + 2αR > 0 is
satisfied at both sides of the throat. In F (R) gravity this inequality also implies a positive effective
gravitational constant Geff = G/F
′(R) and the absence of ghosts [19]. Then, in what follows we
take values of α and R1,2 so that F
′(R1,2) > 0. The possible radii a0 of the static solutions are
obtained from Eq. (26), with the corresponding metric functions A1,2 both given by Eq. (37), with
mass M , charge Q, and curvature values R1,2. With the help of the definitions
Ω1,2 =
(
2M
a2
0
−
2Q2
(1 + 2R1,2α)a
3
0
−
R1,2a0
6
)(
1−
2M
a0
+
Q2
(1 + 2R1,2α)a
2
0
−
R1,2a
2
0
12
)−1/2
, (38)
Φ1,2 =
1
a0
(
1−
2M
a0
+
Q2
(1 + 2R1,2α)a20
−
R1,2a
2
0
12
)1/2
, (39)
for the charged wormholes Eq. (26) can be rewritten in the form
Ω1 + 4Φ1 +Ω2 + 4Φ2 = 0. (40)
We show the results graphically in Fig. 1, where we have selected the most representative ones.
We have used in all plots α/M2 = 0.1, since different values do not alter significantly the general
behavior of the solutions. The only effect that α/M2 has over the results is a small translation of
the graphics along the charge axis. The values of the scalar curvature (in modulus) at each side of
the throat used in the figures are |R1|M
2 = 0.2 and |R2|M
2 = 0.4, with the corresponding signs
shown in each plot. The signs of R1 and R2 are more important than the values themselves, because
they provide significant differences in the general behavior of the solutions. The gray regions have
no physical meaning since they correspond to the inner zones of the event horizons of original
manifolds, which were removed during the construction of the wormhole, or to the region inside
the cosmological horizon (if present). The results show different behaviors around Qc/M , where
Qc = max{Q
1
c , Q
2
c} is the critical charge, with Q
1,2
c the values from which the inner and the event
horizons of each original metric fuse into one. Depending on the values of the parameters, there
are up to three solutions of Eq. (40); we number them from the smallest to the largest ones. The
static solutions are stable when the sign of the second derivative of the potential is positive, i.e.
when replacing the corresponding radius a0 in Eq. (35) gives V
′′(a0) > 0. In Fig. 1, the stable and
7
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0
1
2
3
4
5
6
7
ÈQÈM
a0 M
R1>0, R2>0
H1L
H2L
H3L1.05 1.11
0.5
1.1
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0
1
2
3
4
5
6
7
ÈQÈM
a0 M
R1>0, R2<0
H1L
H2L
H3L
1.02 1.08
0.5
1.1
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0
1
2
3
4
5
6
7
ÈQÈM
a0 M
R1<0, R2<0
H1L
H2L
0.96 1.02
0.5
1.1
Figure 1: Static solutions with radius a0 corresponding to wormholes with |R1|M
2 = 0.2 and
|R2|M
2 = 0.4, for different combinations of the signs of R1 and R2; M and Q are the mass and
charge, respectively. The parameter α/M2 = 0.1 is fixed. Solid curves represent stable solutions,
while dotted lines correspond to unstable ones. The gray areas are non-physical.
unstable solutions are displayed with solid and dotted lines, respectively. The behavior of these
solutions depends on the different signs of R1 and R2. Considering this:
• In the cases when any of the curvature scalars is positive, i.e. R1 > 0 or R2 > 0, there are
three solutions, two of them appear for a short range of |Q|/M , one is stable and the other is
unstable. Both fuse into one for a particular value of |Q|/M , from which they are no longer
present. The third solution exists for any value of |Q|/M , it is unstable and close to the
cosmological horizon.
• When R1 < 0 and R2 < 0, there are two solutions for a small range of values of |Q|/M with
the same characteristics described above, one of them unstable and the other one stable, while
the third unstable solution found in the previous case no longer exists. The stable solution is
the one with the largest radius.
We can observe that in all cases shown in the plots, there is always a stable solution with radius
a0/M for a restricted range of values of the quotient |Q|/M between the charge and the mass. This
range begins at Qc/M and ends shortly after.
For the static solutions found above, by replacing the metric functions given by Eq. (37) and
using Eqs. (38) and (39), we obtain the energy density from Eq. (27), the pressure from Eq. (28),
and the external tension from Eq. (29):
σ0 =
Ω1(1 + 2αR1) + Ω2(1 + 2αR2)
2κ
, (41)
p0 = −
Φ1(1 + 2αR1) + Φ2(1 + 2αR2)
κ
, (42)
and
T0 =
αR1(Ω1 + 4Φ1) + αR2(Ω2 + 4Φ2)
κ
. (43)
The values of σ0, p0, and T0 are shown as functions of |Q|/M in Fig. 2. Again, we have taken
α/M2 = 0.1, |R1|M
2 = 0.2, and |R2|M
2 = 0.4. For the different combinations of signs of R1 and
R2, we can summarize the results as follows:
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Figure 2: The energy density σ0, the pressure p0, and the external tension T0 are plotted as
functions of the quotient |Q|/M between the absolute value of the charge and the mass. The
parameter α/M2 = 0.1 is fixed. In all plots, where |R1|M
2 = 0.2 and |R2|M
2 = 0.4, the solid line
corresponds to the R1 > 0 and R2 > 0 case, the dotted line to R1 > 0 and R2 < 0 case, and the
dashed-dotted line to R1 < 0 and R2 < 0 case. Each row corresponds to a different static solution.
• The absolute value of the (negative) energy density for the first solution decreases with |Q|/M ,
while the absolute values of the energy density for the second and third solutions increases
with |Q|/M .
• The absolute value of the (negative) pressure corresponding to the first solution decreases
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with |Q|/M , while for the second and third solutions increase with |Q|/M .
• Regardless of the solution we are considering, the external tension is negative (so it is a
pressure) and its absolute value decreases with |Q|/M in any case.
We see in all cases that σ0 < 0 and σ0+ p0 < 0, so the weak and the null energy conditions are not
satisfied, i.e. the fluid at the throat is exotic.
The dual layer distribution strength, in the orthonormal basis, has components with absolute
values |Pıˆˆ| = 2|α[R]|δıˆˆ/κ, which are independent of the mass and the charge. The dependence of
the dual layer distribution Tıˆˆ with M and Q is only through the unit normal and the covariant
derivative.
5 Conclusions
Within the framework of the quadratic F (R) = R−2Λ+αR2 theory, we have constructed a class of
spherically symmetric wormholes by cutting and pasting two manifolds with constant and different
curvature scalars, into a hyper-surface representing the throat. In this way, the resulting thin–shell
wormhole is not symmetric across the throat. The construction forces a condition that determines
the equation of state between the energy density σ, the pressure p, and the external tension T
at the throat, which should satisfy σ − 2p = T . There is also a double layer energy–momentum
tensor distribution at the throat. The nature of this layer, resembling a dipole distribution of
electromagnetism, seems to be unclear [24–27]. Recently, it was shown that the presence of a double
layer distribution is a shared feature of quadratic gravitational theories [27]. We have presented
a general formalism for the analysis of the stability of static configurations under perturbations
preserving the spherical symmetry. As a particular example, we have taken for the construction
the outer parts of two manifolds with the same mass M and charge Q, and with different constant
values R1 and R2 of the curvature scalars. We have found the radius a0 of the static solutions for
different combinations of R1 and R2. When one of the curvature scalars is positive, or both, there
exist three solutions: the two smaller ones, which appear for a short range of values of |Q|/M , and
the largest one present for any value of |Q|/M , which has a throat radius close to the cosmological
horizon. In the case when both curvature scalars are negative, there exist only the first two solutions
mentioned above; the third one is absent. The third solution and the smaller one of the other two
are unstable under radial perturbations, while the remaining one is stable. We have found that the
matter has a negative surface energy density at the throat, and therefore exotic matter is required
for threading the wormhole. Regardless of the sign of the curvature scalars, we have obtained that
the absolute value of the energy density of the first solution decreases in terms of |Q|/M , while the
absolute value of the energy density of the second and third (when it exists) solutions increases.
A similar behavior can be found related to the pressure. Considering the absolute value of the
(negative) external tension, it decreases with |Q|/M no matter which solution we are taking into
account. The dual layer distribution strength has components in the orthonormal frame Pıˆˆ which
are proportional to the quadratic coefficient α and to the jump in the curvature [R], and they do
not depend on the mass and the charge, so the dual layer distribution tensor Tıˆˆ dependence on
these parameters is due to their presence in the unit normal and the covariant derivative.
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